The lepton pair production e − e + → e − e + l − l + or µ − µ + → µ − µ + l − l + is studied in the dominant cross section region of scattering angles m j /E j <
Introduction
Colliders with electron and photon beams are now widely used or designed to study fundamental interactions. Among other QED reactions those inelastic processes are of special interest the cross section of which do not drop with increasing energies. To third and fourth orders in the electromagnetic coupling α these processes are shown in Figs The described processes are important by the following reasons (i) Some of these reactions are used (or are proposed to be used) as the monitoring processes to determine the collider luminosity and to measure the polarisation of the colliding particles. For example, the double bremsstrahlung Fig. 2 has been used as the standard calibration process at several colliders in Novosibirsk, Frascati and Orsay [1] - [3] . In [4] it has been suggested to use the single bremsstrahlung Fig. 1 for measuring the luminosity and the polarisation of the initial e ± at the LEP collider (see also the paper [5] ). It has been demonstrated in an experiment [6] that this single bremsstrahlung process has a good chance to be used for luminosity purposes. Recently [7] the same process is proposed to measure the luminosity at the DAΦNE collider. The processes γγ → µ + µ − e + e − and γγ → µ + µ − µ + µ − may be useful to monitor colliding γγ beams [8, 9, 10] . Finally, the possibility of designing µ + µ − colliders is widely discussed [11] at present. Therefore, the processes µ
may be useful for luminosity measurements at those colliders [12] .
(ii) Due to their large cross sections those reactions contribute as a significant background to a number of experiments in the electroweak sector and to hadronic cross sections. For example, the background process e + e − → e + e − µ + µ − is of special importance for experiments studying the two-photon π + π − production due to the known experimental difficulties in discriminating pions and muons.
(iii) The methods to calculate the helicity amplitudes of those processes and to obtain some distributions for them can be easily translated to several semihard QCD processes such as γγ → qqQQ [10] (q and Q are different quarks) and
At high energies with the condition (m j are the lepton masses)
the dominant contribution to the cross sections of Figs. 1-8 are given by the region of scattering angles θ j which are much smaller than unity though they may be of the order of the typical emission angles m j /E j or larger:
In this region all processes have the form of two-jet processes with an exchange of a single virtual photon γ * in the t-channel (see Fig. 9 ).
-
The considered QED processes are widely discussed in the literature. Taking into account unpolarised leptons and photons only, various differential cross sections are summarised in reviews [14] and [15] . Recently the considered reactions have been taken into account as radiative corrections to the unpolarised Bhabha scattering used as calibration process at LEP [16] .
In the nearest future beams with polarised leptons and photons will be available which demands to calculate cross sections with polarised particles. In this connection we would like to note that in the kinematic region (1-2) the discussed QED processes can be found in a "final form" including the polarisations of all particles. By this we mean that it is possible to obtain compact and simple analytical expressions for all helicity amplitudes with high accuracy. Omitting terms of the order of
only, the amplitude M f i of any process given in Figs. 1-8 can be represented in a simple factorised form
The vertex factor J 1 (J 2 ) corresponds to the first jet or upper block (second jet or lower block) of Fig. 9 . The factor J 1(2) depends on the energy fraction x j = E j /E 1(2) , the transverse momenta p j⊥ , the helicities λ i of the particles in the first (second) jet and the helicity λ 1(2) of the initial particle with 4-momentum p 1 (2) . The function J 1 (2) is independent on the cms energy squared s.
This approximation differs considerably from the known results of the CALCUL group and others [17, 18] where such processes are calculated for not too small scattering angles of the final particles. This allows to neglect completely lepton masses, i.e. neglecting the terms of the order of m j /|p j⊥ |, which, however, give the dominant contribution to the total cross section at small angles.
For the reactions of Figs. 1-4,7 the corresponding vertex factors and some differential cross sections have been found in [9, 10, 19] . These vertex factors are presented in Sec. 2 and partly used below, too.
In the present paper we give a complete set of helicity amplitudes for the lepton pair production at e ± e − and µ ± µ − colliders (see Figs. 5 and 6) in the region (1-2). For definiteness, we consider the process
In Sec. 3 we derive the vertex factors necessary to calculate the transition amplitude of the two-photon lepton pair production of Fig. 5 . The following Section is devoted to the pair production via bremsstrahlung. In Sec. 5 our results are briefly summarised and qualitative features of cross sections are discussed.
To complete the jet-like QED tree processes to fourth order, the double bremsstrahlung along one jet direction has to be calculated for the kinematic region under discussion. This work is now in progress.
Let us introduce some notations using the block diagram of Fig. 9 as an example. We use a reference frame in which the initial particles with 4-momenta p 1 and p 2 perform a head-on collision with energies E 1 and E 2 of the same order (e.g. at the B-factory). The z-axis is chosen along the momentum p 1 , the azimuthal angles are denoted by ϕ i (they are referred to one fixed x-axis). It is convenient to introduce "the almost light-like" 4-vectors p and p
Throughout the paper we use the notation Q and R which enter in the definition of the vertex factors
q ⊥ denotes the transverse momentum of the t-channel virtual photon. The quantities u, v, a and b are process dependent. Note the following useful relation between Q 2 and R
Additionally, the helicity vectors
are used to describe the photon polarisation.
A short description of our previous results
The amplitude M f i corresponding to the diagram of Fig. 9 can be presented in the form
The quantities J 1 and J 2 can be calculated in the limit s → ∞ assuming that the energy fractions and transverse momenta of the final particles p i⊥ are finite in this limit. For the convenience of the reader we present in the following the vertex factors corresponding to processes of Figs. 1-4 taken from Refs. [10, 19] .
The vertex factor J 1 (e
) describing the transition of a e ± with momentum p 1 and helicity λ 1 to a e ± with momentum p 3 and helicity λ 3 ( Fig. 10 ) is equal to
This vertex contributes to the transition amplitudes of Figs. 1, 3, 5, 6 and 8. Its derivation is presented in detail in Sec. 3.2. The azimuthal angle of the initial state lepton ϕ 1 can be chosen equal to zero.
The vertex factor for the transition of a real photon with energy ω and helicity λ into a lepton pair (Fig. 11 , which corresponds to the upper block of Figs. 1, 2, 7 and lower - Fig. 2 ) is equal to
where x ± = E ± /ω are the lepton energy fractions. The quantities Q and R are defined in (7) with
The vertex factor for the transition of an electron or positron e ± to e ± and a photon with momentum (energy) k(ω) and helicity λ (Fig. 12 , appearing in the upper block of
Figs. 3, 4 and lower block of Fig. 7 ) is given by
where x = ω/E 1 . The quantities Q and R are of form (7), however
Again the azimuthal angle ϕ 1 can be set equal to zero. Note the useful relation for quantities Q and R valid for relations (15) and (17)
The amplitude of Fig. 12 is the cross amplitude to that of Fig. 11 . Therefore, the corresponding vertex factors are connected by the relation
using the substitution rules
Here relations (20) are known substitution rules for the unpolarised cross sections [21] . Taking into account the polarisation of the particles, relations (21) describe additional substitution rules to be added to (20) .
Both vertex factors have a symmetry related to the obvious symmetry of Fig. 11 under lepton exchange l + ↔ l − . The vertex factor J 1 (γ → e + e − ) (14) changes its sign under the replacements + ↔ −. Analogously, the vertex factor
Eqs. (12)- (17) completely describe all helicity amplitudes of Figs. 1-4 and 7. They are not only very compact expressions but they are also convenient for numerical calculations.
The reason is that in their form large compensating terms are already cancelled. Indeed, looking for the behaviour of Q and R in the limit of vanishing q ⊥ one immediately finds that (compare with Eq. (18))
This completes the summary of previous results.
3 Two photon mechanism for the lepton pair production There are three different kinematic regions to be distinguished:
Electron fragmentation region
The particles in the produced pair move along the initial electron direction (inside the first jet) with energy ∼ E 1 , and the scattered positron loses a small fraction of its energy. If we introduce the energy fractions of the final particles as
these quantities are of the order of 1.
Positron fragmentation region
It is obtained from the electron fragmentation region by substituting e − ↔ e + .
3. Region of soft particle production In that region x ± ≪ 1, this case will be discussed in Sec. 5.
Throughout the paper we treat the electron fragmentation region in detail.
Let us introduce the 4-momenta k = p 1 − p 3 of the virtual photon γ * k inside block J 1 and q = p 2 − p 4 of the virtual photon γ * connecting the blocks J 1 and J 2 . We decompose the 4-vectors p i (i = 1 − 4, ±), k and q into components in the plane of the 4-vectors p and p ′ (see (6) ) and in the plane orthogonal to them
The parameters α and β are the so called Sudakov parameters. In the used reference frame the 4-vectors p i⊥ , k ⊥ and q ⊥ have x and y components only, e.g.
In this jet-like kinematics we note the useful relation
for the final state particles (in our case j = 3, 4, ±) which is valid in general. The 4-vectors p l of particles from the first jet (here l = 3, ±) obtain large components along p 1 and small ones along p 2 . Therefore, in the limit s → ∞ (with accuracy (3)) the quantities
In particular, for our case of the electron fragmentation region (block diagram of Fig. 5 , l = 3, ±) the Sudakov parameters
are finite at s → ∞, whereas the parameters
s ,
are small. Therefore, the energy of the final and initial positrons are approximately equal E 4 ≈ E 2 . The energy fractions x and x l are defined in Eq. (24).
Next, we derive a useful expression for the virtualities k 2 and q 2 . From the obvious
⊥ we obtain
According to Eqs. (12) the amplitude e − e + → e − e + µ − µ + for this kinematics has the form (4) where the vertex factors J 1 and J 2 have to be determined.
Calculation of J 2
To clarify some points in the further calculations we start with a detailed derivation of the vertex factor J 2 ( Fig. 13) which is equal to
1 Analogously, for a 4-vector p l (here l = 4) of a particle from the second jet the quantity Figure 13 : Amplitude e + γ * → e + for J 2 (e
The spinor v j (j = 2, 4) corresponds to a positron with 4-momentum p j and helicity λ j . Using the explicit formulae for spinors (see Appendix A) we have
This expression is simplified by omitting terms of the order O(m 2 /E 2 j ) while keeping terms of the order O(m/E j )
Note that in the considered region of small angles (2), the term ∼ m/E 4 has an additional smallness ∼ θ 4 . Therefore, omitting terms of the order O(mθ 4 /E 4 , θ (3)) we finally obtain for the vertex factor of the lower block
from which it follows that the positron conserves its helicity. The origin of the different sign in the exponent compared to Eq. (13) is the positron moving opposite to the direction of the z-axis.
Calculation of J 1
We present the vertex factor J 1 (Fig. 14) of the two-photon lepton pair production from -
? - Figure 14 : Two-photon pair production amplitude e − γ
Eq. (12) in the form
where the expression in square brackets corresponds to the amplitude of the γ * k γ * → µ + µ − process of Fig. 11 with two virtual photons. The 4-vector
is the current of the e − → e − γ * k transition. Comparing J 1 (Eq. (35)) with the corresponding expression needed in the usual photoproduction γe → µ + µ − e of Fig. 1
we note two significant differences: (i) In the process of Fig. 5 the photon γ * k with 4-momentum k is virtual, k 2 = 0, while in the usual photoproduction this photon is real, k 2 = 0; (ii) In the photoproduction J 1 includes the photon polarisation vector e µ while in the process of Fig. 5 the vertex factor J 1 includes the quantity √ 4παI µ /k 2 . In the further calculation we follow the scheme developed in Refs. [10] , [19] taking into account the noticed differences.
In order to calculate the vertex J 1 it is convenient (using gauge invariance) to replace the current I µ by the 4-vector V µ which has no component along p (just as in photoproduction where we can choose e µ in the form e µ = e µ⊥ )
since β V = 2V p ′ /s = 0. Consequently, in the final expression only V ⊥ enters.
Using the Sudakov decomposition of Sec. 3.1 the denominators in Eq. (35) can be transformed to
with r
It is useful to note that the vectors r + and r − (corresponding to the vectors u and v in Eq. (44) below) are the components of the vectors p + and p − transverse to the vector k in full analogy with the corresponding Eq. (15) for the photoproduction of Fig. 1 .
In the numerator of the first term N =ū −p ′ (k−p + +M)V v + the matrixV is transposed to the left, and using the Dirac equation (p + + M) v + = 0 we obtain
Taking into account
With similar transformations for the second term we find the vertex factor J 1 in the compact form
The 4-vector Q in the considered reference frame has transverse components only Q = (0, Q, 0) and the quantities Q and R are defined in Eq. (7). Note the relation (see Eq. (8) and compare with Eq. (18))
To prove the independence of J 1 on s, we use the explicit formulae for the spinors u − and v + and omit terms of the order of (3) (just as it was done in Eqs. (33)-(36) ). Moreover, to get a simple final expression for the helicity amplitudes, it is useful to introduce the helicity eigenvectors e λ (9) and to decompose the vector V ⊥ in the helicity basis e λ
As a result, we obtain with accuracy (3)
For vanishing virtuality (k 2 → 0) the expression in the square brackets of this equation coincides with the corresponding expression in Eq. (14) by identifying x = 1.
The result (47) can be presented with the same accuracy in another form using the two-component spinors w λ j in which we have to put the polar scattering angles of muons equal to zero (θ ± = 0)
with the Pauli matrices σ and the unit vector
The only quantities which remain to be calculated are β I and V ⊥ e * λ . Setting the azimuthal angle of the incoming electron equal to zero (ϕ 1 = 0) we find
and
The corresponding expressions suitable for crossing can be obtained by holding the energy fraction x 1 (= 1), the polar θ 1 (= 0) and azimuthal ϕ 1 (= 0) angles of the incoming electron as free parameters. In that case one obtains (
The newly calculated vertex factor J 1 has again a symmetry related to the obvious symmetry of Fig. 14 under lepton exchange µ + ↔ µ − . It changes its sign when replacing indices + ↔ −.
Bremsstrahlung mechanism for the lepton pair production
Let us consider the block diagram of Fig. 6 . The corresponding amplitude has the form (12) where the vertex factor J 2 is the same as in Eq. (34). The vertex factor J 1 (Fig. 15) we present in the form
where the expression in square brackets corresponds to the amplitude of the Compton scattering of the type of Fig. 12 with the virtual initial photon q and the virtual final photon
6 : X X X X X y Figure 15 : Bremsstrahlung pair production amplitude e − γ
Now the 4-vector I µ denotes the current of the γ * → µ + µ − transition
and the quantities Q and R are given in Eq. (7).
For l 2 → 0 the expression in square brackets in Eq. (60) coincides with the corresponding expression in Eq. (16) .
Let us point out that
Note also the useful relation (compare with Eqs. (18) and (45))
The result (60) can also be presented with the same accuracy in another form using two-component spinors w λ j in which we have to set the polar scattering angle θ 3 equal to zero, θ 3 = 0 (compare with Eq. (47))
The explicitly calculated quantities β I and V ⊥ e λ are
and 
Discussion
The main results of our paper are summarised in Eqs. (47) and (60) (combined with (4) and (34)) which give the analytical expressions of all 64 helicity amplitudes for small angle lepton pair production in e − e + or µ − µ + collisions. Since various distributions of this pair production are well-known (see, for example, reviews [14] and [15] ), we briefly discuss only some qualitative features of the obtained results. Figs. 1-4, 7 , the obtained formulae are very compact expressions. Additionally, they are convenient for numerical calculations since in their form large compensating terms are already cancelled. Indeed, the quantities Q and R, which are defined in Eqs. (7) (with (44) or (61)), and the vertex factors J 1 (47), (60) themselves vanish at small transverse momentum of the t-channel exchange photon
As for the processes of
Therefore, the amplitude of the process behaves as ( (4),(67),(34),(30))
Here the mass m denotes that of the colliding lepton.
2. The behaviour of J 1 for two-photon pair production (47) at small |k ⊥ | is mainly determined by the factor V ⊥ /k 2 . Averaging over the spin states of the initial electron and summing up over the final electron spin we find
from which it follows that
3. Let us consider the amplitudes for bremsstrahlung pair production which violate electron helicity conservation. They are proportional to (see Eq. (60)) m R δ λ 1 ,−λ 3 δ λ,2λ 1 .
Therefore, in such amplitudes the photon helicity λ is strictly connected with the helicity of the initial electron λ = 2λ 1 . The relative magnitude of these amplitudes can be estimated as
This ratio is small at m/|p i⊥ |, m/|q ⊥ | ≪ 1, i.e. in the region of not very small scattering angles. The same behaviour show the amplitudes which violate muon helicity conservation being proportional to M δ λ + ,λ − δ λ,2λ + .
It is interesting to note that the amplitudes which violate the muon (electron) helicity conservation have a specific dependence on the azimuthal angles. This is true both for the two-photon and bremsstrahlung mechanism: if λ + = λ − (or λ 1 = −λ 3 ) then M f i ∼ exp(iλ + (ϕ − + ϕ + )) (or M f i ∼ exp(iλ 1 (ϕ 1 + ϕ 3 ))).
4. The two-photon lepton pair production mechanism dominates in the region of soft particle production mentioned in 3.1. The produced leptons have low energies compared with the initial energy E 1 , i.e. at x ± ≪ 1. In this region
and the vertex factor J 1 (48) is considerably simplified
The differential cross section for unpolarised particles is obtained as follows (i = 1 − 4, ±) 
where dΓ is the phase space of the final particles. Using the relation (45), the expression A 2 + B 2 can be transformed to the symmetric form
which coincides with Eq. (4.21) in Ref. [15] .
In the paper we also use the short notations u j = u
and w λ j = w (λ j ) n j . For the initial electron with momentum p 1 along the z-axis we put θ = ϕ = 0, for the initial positron with p 2 opposite to the z-axis θ = π , ϕ = 0. For the final positron with momentum p 4 θ = π − θ 4 and ϕ = ϕ 4 are used.
